Effect of reversible phase-transformations on crack-growth by Stam, G. & van der Giessen, E.
  
 University of Groningen
Effect of reversible phase-transformations on crack-growth





IMPORTANT NOTE: You are advised to consult the publisher's version (publisher's PDF) if you wish to cite from
it. Please check the document version below.
Document Version
Publisher's PDF, also known as Version of record
Publication date:
1995
Link to publication in University of Groningen/UMCG research database
Citation for published version (APA):
Stam, G., & van der Giessen, E. (1995). Effect of reversible phase-transformations on crack-growth.
Mechanics of Materials, 21(1), 51 - 71. https://doi.org/10.1016/0167-6636(94)00074-3
Copyright
Other than for strictly personal use, it is not permitted to download or to forward/distribute the text or part of it without the consent of the
author(s) and/or copyright holder(s), unless the work is under an open content license (like Creative Commons).
Take-down policy
If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately
and investigate your claim.
Downloaded from the University of Groningen/UMCG research database (Pure): http://www.rug.nl/research/portal. For technical reasons the
number of authors shown on this cover page is limited to 10 maximum.
Download date: 12-11-2019
ELSEVIER Mechanics of Materials 21 (1995) 51-71 
ImKII!IUAI  
Effect of reversible phase transformations on crack growth 
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Abstract 
In this work, the influence of partial or full reversibility of a stress-induced phase transformation is investigated, 
both in terms of the ,;ize and shape of the transformation zone around the crack tip, and the toughness development 
during crack growth. The constitutive quations adopted in this study are due to Sun ctal. (1991, J. Mech. Phys. 
Solids 39, 507) and arcount for transformation-induced dilatant and shear strains. These constitutive quations were 
designed to model the phase transformations occurring in zirconia ceramics or in shape memory alloys (SMA). The 
results are obtained by a full field finite element analysis of crack propagation under small scale transformation 
conditions. The phase transformations considered here tend to give rise to a substantial toughening of the material if 
the transformation were irreversible. It is shown here that in some cases, the reversibility of the transformation can 
significantly reduce lhe toughness increase. A parameter study establishes the sensitivity of this deterioration to 
characteristics of the constitutive response. 
Keywords: Ceramics; Phase transformations; Transformation toughening; Zirconia; Shape memory alloys 
I. Introduction 
A certain class, of solid materials exhibits 
stress-induced marl:ensitic-type hase transforma- 
tions. These phase transformations are found in 
certain metal alloys, called shape memory alloys 
(SMA) (e.g. Cu-Zn-Sn  or Cu-Zn-A1), but also 
in ceramics comprising or containing tetragonal 
zirconia. The parent (p) crystal structure trans- 
forms to the martensitic phase (m), p ---} m, when 
a certain critical stress level is reached. In fact, a 
certain incubation time will be necessary for the 
transformation to start, but this is only in the 
order of hundreds of nanoseconds (Sano et al., 
1992). Once the transformation has initiated, it 
will typically proceed throughout the crystal lat- 
tice with the speed of sound. For quasi-static 
loading conditions, which we shall focus on here, 
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we may therefore assume that the transformation 
within a crystal occurs instantaneously and is time 
independent. However, the crystal lattice has fi- 
nite dimensions and the boundaries are usually 
formed by the grain boundaries, while in some 
cases more than one crystal structure can exist in 
a single grain. The newly formed crystal structure 
has different lattice parameters and therefore the 
transformation i volves the development of so- 
called transformation strains from which the ma- 
terial inherits special properties. 
Overviews of the thermoelastic, pseudoelastic 
and shape memory effects associated with the 
martensitic transformation of SMA materials are 
given in the reviews by Delaey et al. (1974), 
Krishnan et al. (1974) and Warlimont et al. (1974). 
Current interest in these materials triggered fur- 
ther research on a practical evel, as in for exam- 
reserved 
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pie Otsuka and Shimizu (1986), but also on a 
fundamental level, as in the work of for instance 
Patoor et al. (1987) and Fishcr et al. (1994). The 
phase transformation i  SMA is csscntially re- 
versiblc. Usually, temperature is thc driving force 
for reverse transformation, but it is also possible 
to inducc reverse transformation by stress (Sun 
and Hwang, 1993b). If, for instance, the material 
behavior is pseudoclastic, reversible transforma- 
tion occurs directly upon unloading. Another 
characteristic of the phase transformations in 
SMA is that they generally involve only shear 
transformation strains. In fact, in this study, we 
shall use the term SMA generically for materials 
that exhibit pure shear transformation behavior. 
The tetragonal to monoclinic phase transfor- 
mation in zirconia containing ceramics is well- 
known to givc rise to a substantial toughening 
effect (see Evans and Heuer, 1980). Although this 
transformation was immediately recognized as be- 
ing martensitic, it was not until a few years ago 
that both shear and dilatation transformation 
strains were measured in partially stabilized zir- 
conia (PSZ) by Chen and Reyes-Morel (1986, 
1987) and that pseudoelasticity and shape mem- 
ory effects were determined experimentally in 
tetragonal zirconia polycrystal (TZP) by Reyes- 
Morel et al. (1988). Since these investigations, the 
nonlinear deformation behavior of these materi- 
als is often referred to as transformation plastic- 
ity. Sun et al. (1991) proposed a constitutive model 
to describe these phenomena, taking into account 
both dilatation and shear effects of the transfor- 
mation. This model has recently been adopted by 
Stam et al. (1994) to study the influence of the 
tetragonal to monoclinic transformation on the 
crack growth resistance in these materials. Full 
field finite element analyses have confirmed that 
transformation-induced shear strains substantially 
enhance the R-curve behavior, as compared to 
when the transformation is assumed to be purely 
dilatant (Budiansky et al. 1983). Thus, both ex- 
perimental work and theoretical modelling have 
now provided clear evidence that, even though 
twinning occurs, net shear transformation strains 
contribute to the toughness of these materials. 
This and other analyses of transformation-in- 
duced toughening in zirconia containing ceramics 
(e.g. Budiansky et al. 1983; Hom and McMeek- 
ing, 1990) so far have assumed that the phase 
transformation is completely irreversible. How- 
ever, there is some experimental evidence that 
reversible transformation does occur in the work 
by Marshall and James (1986) and in the dynamic 
compression tests by Subhash and Nemat-Nasser 
(1993). However in the latter work, substantial 
strain-rate ffects have been observed as well as 
significant microcracking, which will both have an 
influence on the overall behavior, so that care 
must be exercised in relating these experimental 
results to the considerations in the present paper. 
The purpose of the present paper is to explore 
the sole influcncc of reversibility of phase trans- 
formations on crack growth resistance under 
quasi-static onditions. We shall do so by adopt- 
ing the constitutive theory of Sun et al. (1991) 
which is applicable to zirconia-containing ceram- 
ics, as mentioned above, as well as to SMA, as 
discussed by Sun and Hwang (1993a,b). The con- 
stitutive model will be briefly reviewed in Section 
2. Crack growth under mode I loading conditions 
will be studied numerically, assuming small-scale 
transformation conditions (see Section 3). The 
main arguments will be carried in coordinate-free 
tensor notation, where tensors are denoted by 
boldface italic characters irrespective of their rank 
(which will be clear from the context). The tensor 
product is denoted with ® and a dot denotes the 
inner or scalar product between two tensors. The 
following operators apply (A  =Ai ie  i@e i, B = 
Bije i ® ey, L = Lijkle i ® ej ® e k ® el; e i is a Carte- 
sian basis): A • B = AijB~j, 1.,,4 = LiyktAkte i ® ej, 
tr A =Akk .  The second-order unit tensor is 1. A 
superposed ot denotes the time derivative or 
rate. 
2. Material model 
2.1. Constitutive quations 
The complexity of the transformation problem 
is reduced by assuming that a material sample 
can be identified which is small compared to all 
macroscopic dimensions, but which is large 
G. Siam, E. van der Giessen /Mechanics of Materials 21 (1995) 51-71 53 
enough that statistical averaging over all trans- 
formable particles is meaningful. Such a material 
sample can then be treated as a continuum ele- 
ment for which all (macroscopic) quantities are 
averages over the sample. Phenomena on a 
smaller scale are discarded. This means, for in- 
stance, that local stress and strain fields around 
individual particles are not considered, but only 
the macroscopic average of these fields over all 
particles in the sarr,ple. 
When deriving, within such an approach, the 
transformation plasticity model, Sun et al. (1991) 
assumed the continuum element o consist of a 
large number of transformable inclusions (re- 
ferred to with index I) which are embedded co- 
herently in an elastic matrix (referred to with 
index M). Microscopic quantities (on a lower 
scale then for whizh the continuum element is 
derived) will be referred to with lower case char- 
acters. The macroscopic quantities denoted with 
uppercase symbols are found by taking the vol- 
ume average ( ) of the microscopic quantities 
denoted by lower case characters over the ele- 
ment. For instance, the microscopic stress and 
strain tensors are indicated by o- and e, respec- 
tively, and with a given volume fraction of second 
phase (transformable metastable tetragonal inclu- 
sions) fm, the relation between microscopic and 
macroscopic stresses .~ is 
1 
Z=<O' )v  =~[crsv dV=f<{r)  v,+(1-f)<o')vM. 
(1) 
Herethe  volume of the element, matrix and 
inclusions is given by V, V u and VI, respectively, 
and f is the actual fraction of transformed mate- 
rial which is obviously smaller than or equal to 
fro. The macroscopic strains E are assumed to be 
small, and assuming isothermal deformations, 
they can be decomposed into an elastic part E e 
and a "plastic" part E p due to the p ---, m trans- 
formation in the inclusions, 
E =E e + E p =M°2 r. +f<eP)v,. (2) 
Here M°=(L° )  -~, with L ° being the elastic 
moduli of both inclusions and matrix. The p ~ m 
phase transition may involve dilatation as well as 
shear strains within the inclusion, thus suggesting 
a split in the plastic strain into a dilatant part and 
a deviatoric part, designated with superscripts d 
and s, respectively, 
EP=EPd+Eps=f (ePd)v l+f ( t rPS)v  I . (3) 
The rates of plastic strain during progressive 
transformation, f>  0, can be obtained by the 
straightforward ifferentiation of (3); but they 
can also be obtained from the average of the 
transformation strain e p over the freshly trans- 
formed inclusions (per unit time) occupying vol- 
ume dV l, i.e. 
=/<:d>v, +/<:'>v, 
+f(e-"~>v + f ~  
=f(e~>dV, +f<ev')dV,. (4) 
The dilatant part e pd within each inclusion can 
be given in terms of the constant stress-free lat- 
tice volume dilatation e pd, 
(~' l : )d)dV I = (EPd)v I  ~ C od = ePdl. (5) 
The average deviatoric part E pS is significantly 
less than the stress-free lattice shear strain be- 
cause of twinning (see Zhang and Lam, 1994). 
Based on earlier work of Reyes-Morel and Chen 
(1988) and Reyes-Morel et al. (1988), this part is 
specified through its rate of change f(e°s)dV,, 
which is assumed to depend on the average stress 
~r M = (~r)vM in the matrix according to 
$M 
(~Ps)dv~=A-----~, tre M= V/3tr(sM) 2 , (6) 
with A a material function, which can be consid- 
ered as a measure of the constraint of the elastic 
matrix. Here s M is the matrix stress deviator, 
defined by s M = cr M - t r~I  with trff = ½tr tr M 
being the matrix mean stress, and tr~ is the yon 
Mises stress in the matrix, which will be specified 
later. When o,~ = 0, A should be put zero be- 
cause there is no stress bias. However, experi- 
mental data of Chen and Reyes-Morel (1986, 
1987) and Reyes-Morel and Chen (1988) show 
that under proportional loading the value of A is 
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almost constant during the whole transformation 
process. Sun et al. (1991) have emphasized that 
(6) is a macroscopic constitutive relationship that 
is assumed to apply to the ensemble of trans- 
formable particles mentioned in the beginning of 
the section. The deviatoric transformation strain 
over individual transformed particles will not de- 
pend on the local matrix stresses in such a simple 
manner. Firstly, twinning in a particle will occur 
in well-defined directions on specific crystallo- 
graphic planes. Furthermore, the amount of twin- 
ning within particles is dependent on the particle 
size (see, e.g. Evans and Cannon, 1986). Although 
much research has been devoted to nucleation 
and twinning in a single particle, these are still 
phenomena which are not well understood and 
need further attention. However, since in this 
model many grains with different orientations are 
considered within d V I, Sun et al. (1991) argue 
that (6) is an acceptable approximation in the 
average sense. Combining the expressions (4)-(6), 
the plastic strain-rate is found as 
F.P=f(ePdl + (E°')d v,). (7) 
Adopting Eshelby's (1961) solution for a spher- 
ical inclusion in an infinite extended elastic body 
and the averaging method of Mori and Tanaka 
(1973), the deviatoric and mean matrix stresses, 
s M and ~ff, respectively, are found to be related 
to the macroscopic stress ,~ by 
sM=S--fB,(e"S>v,, o'M =•m-fB2 epd. (8) 
1 Hcrc, S = ~: -  ,~m I and 5m = ~ tr 2: are the dc- 
viatoric and mean components of the macro- 
scopic stress X, and 
5v - 7 2u - 1 
B 1=2G15(1_u) ,  B2=zB 1 -u  (9) 
with G the shear modulus, B the bulk modulus 
and v Poisson's ratio of the matrix as well as the 
inclusion, all being related in the standard way to 
Young's modulus E, 
E E 
G 2( l+u) '  B 3 (1 -2v)  (10) 
The constitutive theory must be completed with 
transformation conditions and an evolution rela- 
tion in terms of f. Sun et al. (1991) give the 
following conditions for forward or reverse trans- 
formations to occur: 
Forward: 
F+(X, f, T, (eP~)v,) 
= :~2Ao:M¢ + 30"Me pd -- Co(T, f )=0; (11) 
Reverse: 
F_(X,, f, T, (eP')v,) 
= ~Aae2 M + 3~mMeOd -- (~0(T, f )  =0. (12) 
The function Co(T, f )  for forward transforma- 
tion depends on the dissipation D o (due to, e.g. 
interface friction), on the difference in surface 
energy A 0, on the free chemical energy differ- 
ence AGp ~ m(T) associated with the transforma- 
tion (which depends on the temperature T), and 
on the elastic energy associated with the interac- 
tion between transformed particles and matrix, 
Co(T, f )  = D O +Ao + AGp~m(T ) 
l B A 2 -~ , -3Bz(eva)2+aBof. (13) 
The last term in (13) is introduced to incorporate 
the common experimental observation that the 
resistance to transformation tends to increase 
with increasing volume fraction of transformed 
material; here, this "hardening" is governed by 
the parameter a. Note that this hardening term is 
due to processes on microstructural scale, such as 
(i) particle size dependence: it takes a higher 
stress level to transform smaller particles; 
(ii) crystallographic orientation: favorably ori- 
ented planes transform first, and 
(iii) the mutual interference of transformed 
regions: transformation of a particle will cause a 
relaxation of the stresses in its surrounding. 
Subhash and Nemat-Nasser (1993) give a de- 
tailed discussion of these microstructural spects, 
based on their dynamic loading experiments on 
TZP and PSZ materials. As the constitutive model 
is derived for the macroscopic scale, considering 
many transformable particles in one constitutive 
element, the hardening effect did not follow from 
the derivation itself and Sun et al. (1991) intro- 
duced the last term in (13) on mere phenomeno- 
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logical grounds. The parameter B0 in (13) is a 
bulk modulus-like parameter defined by 
4G(1 + v)($Pd) 2 GA2(28 - 20v) 
- -  + , (14)  
B° = 1 - v 45(1 - v) 
The corresponding function C(T, f )  in the re- 
verse transformation condition (12) is given in 
similar way by 
C0(T, f )  = -D  O +A 0 + AGp_~m(T) 
1 2 3n  pd 2 
- 3BIA - ~D2e + aBof  
= Co(T,  f )  - 2D 0, (15) 
thus emphasizing that the reversibility of the 
transformation is controlled by the dissipation 
associated with the phase transformation. 
The growth rate of the fraction transformed 
tetragonal phase, f ,  follows from the consistency 
condition /~+=0 or /~_=0, and is found for 
either one of the transformation directions to be 
given by 
f= (ePS)dv'" g + 3ePd'~m (16) 
2B1A2 + 3Be(ePa) 2+ aB o " 
Expression (16) holds as long as the transforma- 
tion progresses, i.e.. 
- when the current stress state satisfies the for- 
ward transformation condition (11)while there 
is still a transtormable fraction left, f<fm,  
and the transforming fraction f is positive 
(p ---, m), or 
- the current stress state satisfies the reverse 
transformation condition (12) while there is 
still a transforraable fraction left, f>  0, and 
the transforming fraction )~ is negative (p ,-- m). 
Finally, the constitutive quations will be rear- 
ranged into a form which is necessary for the 
subsequent numerical analysis. With the relation 
(2) between strain rates and stress rates, and 
introducing the following definitions, 
$M 
T=epdI+A----~, and 
g=-~BiA2 + 3Bz(epd)2+aBo(e~)2 ,  (17) 
one can derive the following rate constitutive 
equations 
27 = LE, (18) 
where the tensor of instantaneous moduli L is 
defined by 
1 LOT ® TL ° 
L 0 _ 
1 
g 1 +- (T .L°T)  
g 
L= when F+=0 and f>0,  or (19) 
F_=0 and f<0;  
F+4= 0 or f<  0, or 
L °, when 
F_~:0 or f>0.  
Details may be found in Stam (1994). On the 
transformation branch, the stiffness tensor L is 
comprised of the linear elastic stiffness tensor L ° 
and a nonlinear part due to the transformation 
which is similar to the well-known plastic moduli 
in elastoplasticity. It is of considerable impor- 
tance to note that the moduli L possess the 
following symmetry when expressed in their 
Cartesian components Lijkl: 
Li jkt  = Lktij, (20) 
in addition to the obvious symmetries in ij and kl. 
2.2. Material parameters 
With a view on the application to different 
materials, three types of transformation behavior 
are distinguished, viz.: 
(i) purely dilatant ransformation behavior: the 
shear component of the transformation is com- 
pletely relaxed by twinning (A = 0), 
(ii) dilatant and shear transformation behav- 
ior, and 
(iii) purely shear transformation behavior: the 
volume of the parent phase and the martensitic 
phase is identical (e ~ = 0). 
The latter of these types is applicable to SMA 
materials (cf. Sun and Hwang, 1993a,b); the sec- 
ond type applies to ceramics containing zirconia, 
while the first is a limiting case of the second, 
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which is discussed here mainly for comparison 
with earlier studies of Budiansky ct al. (1983) and 
Hom and McMeeking (1990). Dimensional analy- 
sis and close examination of the governing consti- 
tutive equations reveal that the material model is 
completely characterized by the following non-di- 
mensional groups: 
purely dilatant : 
9Lfm(epd)2 [ 1 +u] ,  
" ' to -  C(T,O) [1 - . ]  
a, M - Co(T, O) /Co( T, 0), (21a) 
dilatant and shear: 
9E fm(epa)2[ l+v] ,  
" ' to -  C(T,O) [1-~,1 
a, M - Co(T, O)/Co(T,  0), A ,  (21b) 
purely shear: 
v, to ' -  4EfmA2 [ l+v]  
9C(T,  0) [1 -v  ' 
a, M - Co(T, O) /Co( T, 0). (21c) 
The parameter to in (21a,b) governs the strength 
of the transformation and was originally defined 
by Amazigo and Budiansky (1988) for purely dila- 
tant transformation behavior. However, when also 
transformation shear components develop during 
transformation, the transformation can still be 
characterized by to, but along with the amount of 
macroscopic shear transformation strain being 
governed by material parameter A. When the 
dilatant component of the transformation strain 
vanishes, to has to be redefined. Using the same 
concept of "strength of the transformation", we 
here define to' by replacing the dilatant transfor- 
mation strain 3e °d in the definition of to by the 
o With the equivalent transformation strain e~. 
usual definition of the equivalent strain e~ 
-~/~ tr(e°~) 2 we find that e¢ o= 3A, which is 
used in the definition of to'. It must be noted that 
in the latter case, the material parameter A is no 
longer an independent material parameter. 
Finally, the reversible transformation condi- 
tion has to be defined. Therefore we have intro- 
duced in (21) the parameter M, which defines the 
relative position of the reverse transformation 
condition (11) to forward transformation condi- 
tion (12). For four values of M the macroscopic 
uniaxiai stress-strain relations (~:n versus E~I) 
are plotted in Fig. 1 to show the meaning of the 
parameter M. The curves are obtained using the 
M = 1 M = 0 M=- I  M=-oo  
Ell f>o-~ 
Fig. 1. Stress-strain relations for a uniaxial tension-compression-tension loading program for h 0 = 1.0, a = 1.25 and M = [1, 0, 
- 1 ,  -~]. 
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constitutive quations discussed in the previous 
section, and incrementally prescribing the stress 
in axial direction x 1, so that the specimen passes 
through a cycle of tension, compression and ten- 
sion. For experime:ntal work on this matter, see 
Bowman et al. (1987). In all cases, the material 
behavior is similar during the first tensile loading 
stage. The material behaves linear elastically up 
to a certain critical transformation stress ~c= 
Co(T, O)/(~A + ePd), according to (11), when the 
material starts to transform, up to the point where 
the material is fully transformed, f=fm.  After 
that, the response is linear elastic again. Note 
that during transformation, the incremental re- 
sponse is linear because of the linear dependence 
of C O in (13) on f. When the specimen is un- 
loaded, the differences in response as a result 
from the different choices of M arise. 
As shown in Fig. 1, for M = 1 the material will 
immediately show a reverse transformation re- 
sponse upon unloading when the stress level is 
reached where the forward transformation was 
completed. Obviously, reverse transformation is
completed when all material is converted to the 
original crystal structure ( f=  0) and the stress is 
equal to the critical (forward) transformation 
stress ~11 =Xc.  Then the material response is 
linear elastic again. The material behavior is lin- 
ear elastic up to the point where the critical 
forward transformation stress in the compression 
regime is reached. Forward transformation oc- 
curs up to completion f=fm,  followed by linear 
elastic behavior, similar to the behavior under 
tension. 
For M= 0, no direct reverse transformation 
upon unloading c~zcurs, but all transformation 
strains are zero when the material is stress-free. 
This is true for the tensile regime as well as for 
the compression regime. 
For M = -1 ,  reverse transformation does not 
occur until the specimen reaches a certain stress 
level in the compression regime. Theoretically, 
the reverse transformation is completed when 
f= 0 and ~ l  = _~c ,  but in uniaxial tension it 
turns out to be :impossible to convert all the 
transformation strain. Before all material has 
been transformed back, the transformation crite- 
rion is no longer met and the material becomes 
linear elastic again. Linear elasticity is main- 
tained until the stress level for forward transfor- 
mation in the compression regime is met. There 
the remaining transformable phase is trans- 
formed up to f=fm.  Upon unloading the trans- 
formed phase is partially transformed back again, 
before the behavior becomes linear elastic. It may 
be clear that in this experiment, part of the 
transformation strain is permanent while the 
other part is reversible. This effect is caused by 
the volume change of the transformation, which 
does not occur for SMA materials. For M = -oo  
no reverse transformation occurs, but even for 
higher values of M reverse transformation may 
be impossible. 
At this point, it seems pertinent o make note 
of the notions of subcritical and supercritical 
transformations, as introduced by Budiansky et 
al. (1983) for purely dilatant transformations (A 
= 0). Such transformations are called supercriti- 
cal when they occur spontaneously and immedi- 
ately to completion. This is possible when the 
incremental governing equations cease to be el- 
liptic, so that discontinuities in the stress and 
strain fields are possible. In the case of subcriticai 
transformations, the governing equations remain 
elliptic and the material can exist in stable par- 
tially transformed states. Stam et ai. (1994) have 
recently generalized these notions in terms of a 
localization condition. For typical values of the 
material parameters listed in (21a,b), it was found 
that dilatant and shear transformations remain 
subcritical as long as the hardening parameter a
satisfies the condition a >__ 1. In this paper, we 
wish to confine our attention to subcritical trans- 
formations and we therefore limit oursclves to 
values a >_ 1. 
3. Problem formulation and method of solution 
The problem studied here to gain insight in 
the effect of reverse transformations is similar to 
that used in Stam et al. (1994); we shall give a 
brief exposition for completeness, and for further 
details refer to Stam et al. (1994). 
We study the growth of straight crack under 
mode I loading conditions by assuming that the 
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zone in which the material undergoes the phase 
transformation discussed above, is very small 
compared to the crack length a (see Fig. 2). For 
the resulting small-scale transformation problem 
we can confine our attention to a (circular) region 
around the crack tip with the boundary condi- 
tions along the circumference according to the 
well-known linear elastic field characterized by 
the stress intensity factor K APP corresponding to 
the applied mode I loading. Moving from this 
boundary inwards to the crack tip, we will first 
encounter a region close to the tip where the 
material is partially transformed, i.e. f<fm,  and 
even closer to the crack tip, we expect to find a 
region where the material is completely trans- 
formed, i.e. f=fm.  As discussed before, the in- 
cremental response of the material inside the 
latter, fully transformed zone is also linear elas- 
tic, and the fields in that zone right near the 
crack tip are characterized by an unknown stress 
intensity factor K TIP. 
Prior to any transformation, g APP= K TIP ob- 
viously, but once transformation starts under 
monotonically increasing K APP, we will have 
K APP =~ K TIP in general (g  APP = K Tw prior to 
crack growth only if the transformation i volves a 
dilatation (Budiansky et al., 1983 or Stam et al., 
1994)). Crack propagation is taken to occur when 
K Tu' attains the critical value K c, i.e. the frac- 
ture toughness of the material at the crack front. 
Upon crack advance, transformed material will 
appear in the wake of the crack, and the tip is 
shielded as a result of the transformation strains. 
Thus, in order to maintain crack growth, K APP 
must be continually adapted with increasing crack 
advance Aa (R-curve behavior). A convenient 
measure for the increase of the effective crack 
growth resistance of the material is the ratio 
K APP/K TIP = K APP/K c 
= 1 - AKT IP /K  C, (22) 
with AK TIP being defined by 
AKTIP = KTIP _ KAPP. 
Note that AK Tn' < 0 when toughening takes 
place. 
The value of the near-tip intensity reduction 
AK zIP to be substituted into (22) is evaluated by 
an extension of a domain integral technique sug- 
gested by Budiansky et al. (1983), 
AK T'P= f fdK  TIP dA,  (23) 
.,fp, 
where ~ represents the transformed region. In 
this approach, use is made of exact relationships 
derived by Hutchinson (1974) to calculate the 
intensity enhancement dK TIP in an elastic 
medium caused by in-plane stress-free transfor- 
mation strains E,,~ in an infinitesimal area at any 
point within the transformation zone. 
l E 
OK r 'P= - - r -3 /2M( l£P ,  tj, f l),  (24) 
(1 - v 2) 
experiment 
Domain D. 
Fig. 2. The small-scale transformation assumption and the 
subjected to mode I loading. 
uct(K APP) 
NEAR TIP REGION 
partially transformed zone 
rT1P 
fully transformed zone 
corresponding boundary value problem for a semi-infinite crack 
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where 
M( E:~, fl) 
= ( + E '2) cos}  + 3E5 cos}  sin 
+ }( E '2 - El',) sin (25) 
given by Lambropoulos (1986). The plane strain, 
stress-free transformation strains E~ to be sub- 
stituted for the present constitutive model, are 
given by 
E p, = (1 + v) fe  pa 
ps ps 
E~' 2= (1 + v) fe"  
E[2 = f te~)v , .  (26) 
The problem is solved numerically in a linear 
incremental fashion and with a standard finite 
element discretiza"ion of the boundary value 
problem. Quadrilateral elements are used, each 
of which is built up of four constant strain ele- 
ments. The mesh that has been used is shown in 
Fig. 3. The formulation of the numerical proce- 
dure relies on the similarity of the constitutive 
relations discussed in Section 2.1, with those in 
the usual time-independent elastoplasticity mod- 
els with an associative flow rule. At each incre- 
ment i, the nodal displacement increments Au ci) 
are solved from 
K{i)Au{i) = A F (i) _ .~ DTZO) _ F(i)), 
with K (i)= DTS°)D, (27) 
where AF (i) is the vector of nodal load incre- 
ments and where the stiffness matrix S (z) is deter- 
mined by the instantaneous moduli L appearing 
in (19). The bracket erm in the right-hand side of 
(27) is an equilibrium correction based on the 
current discrete stress state, collected formally in 
the vector X °). With these Au (°, the state in each 
integration point is updated in the usual manner 
for geometrically inear elastoplasticity problems. 
If the critical stress level is reached so that the 
transformation criterion F+= 0 is satisfied, the 
incremental volume fraction of transformed ma- 
terial Af  ~) is obtained from the incremental 
version of (16), and similarly for the reverse 
transformation criterion F_ = 0. The incremental 
change of E p~ at each integration point is deter- 
mined from (4), and the updated value (e°~)(~ i)
according to (6) is used in (26) for the computa- 
tion of the updated value A~T~P If the resulting ~.L( i+  1)" 
va lue  /¢- TI P • -(i+ I)= KC, crack advance is simulated by 
a nodal release technique. Details of the numeri- 
cal procedure may be found in Stam et al. (1994) 
and Stam (1994). 
The stress intensity change at the crack tip due 
to the transforming spots, AK Tw, is computed 
numerically by a 13-point Gaussian integration 
within each element. Near the crack tip (within a 
radius of 3 elements) the integration is carried 
out analytically to take care of the singularity in 
(24) at the tip. The toughness increase will be 
expressed in KAPP(Aa)/K C, while all length 
scales will be normalized by the length scale L 
defined by Stam et al. (1994), 
2 [KC{A(1-2v)+3e~'d( l+v)}]  2.
L = 9--~ C(T,  O) 
(28) 
4. Results 
Throughout he analysis we take v = 0.3, but 
various combinations of the other material pa- 
rameters ~o/oY, a, A, and in particular M are 
considered to study their effect of reverse trans- 
formation on toughness development and on the 
size and shape of the transformation zone. We 
show results of crack growth computations for all 
three types of transformation behavior. Listed in 
(21a) for the purely dilatant transformation be- 
havior (A = 0), we have performed a large num- 
ber of computations with w = 5 to study the influ- 
ence of the reverse transformation. Here, only 
the results for ~o = 5, a = 1.00 and M= [ -  1, 0, 
0.50, 0.75, 1] are shown. For an overview of the 
results presented here we refer to Fig. 4; more 
results can be found in Stam and Van der Giessen 
(1993) or Stam (1994). 
For the dilatant and shear transformation be- 
havior we proceed from the earlier parameter 
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Fig. 3. The finite element mesh used to analyze the small-scale crack growth problem. The mesh comprises 2770 quadrilateral 
elements and 2880 nodes. Crack growth by nodal release is permitted to occur over a span of 80 nodes. 
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s tud ies  for  ~o = 5 and  10 (S tam et al., 1994) and  
for ~o = 15 and  20 (S tam and Van der  G iessen ,  
1994) for  i r revers ib le  t rans format ion .  For  each  
va lue  of  w, the  harden ing  parameter  a is chosen  
to be  e i ther  1 or  1.15. The  smal les t  va lue  of  a is 
chosen  to be 1 to avoid loca l izat ion,  so that  the 
t rans format ion  remains  subcr i t ica l ,  over  a wide 
range  of  mater ia l  parameters  (see Sect ion  2.2). 
The  s tud ies  wi th  mater ia l  parameters  o~ = 10 and  
20 more  or less cover  the  exper imenta l  va lues  of  
the  mater ia l  parameters  g iven by Sun  et al. (1991) 
for  var ious  mater ia l s ,  wh ich  vary f rom oJ = 11 for 
(a) - I  
(b) _, 
X2--L 1 ! 
(c) °_ l 
(d) -1 
(e) -1 
f/fin = 0.05 
~ 0.25 0 50 ~"  
I I I l 1 I 1 I I I I I 
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f 
1.00 M= 1 
(f) 0 1 2 3 4 5 6 
Aa/L 
Fig. 5. Transformation zones (a-e) when ~a = 5.33L, and the crack growth resistance curve (f) for ~o = 5, a = 1.25, A = 0J) (purely 
dilatant ransformations) and M = - 1 to  1. 
a typical PSZ to to = 24 for a typical TZP mate- 
rial. In these computations the macroscopic 
transformation shear parameter A is taken to be 
0.056 (and A = 0.045 for to = 5) which is in the 
experimental range (this corresponds to values of 
h o =A/3e  pO equals 1.25 (and 1.00), which were 
o,2~ o5o ~ ""k 
I I [ I I I I I I 
0 I 2 3 4 5 6 7 8 
f / f in  = 0.05 
used in Stam et al. (1994)). The value a = 1.15 
has been chosen as a representative alue for the 
experimental values of a = 1.16 and 1.2 for TZP 
and PSZ, respectively, given by Sun et al. (1991). 
Finally, results for SMA, with no dilatant com- 
ponent of the transformation strain (e pd = 0) are 
2--2. 
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M = 0.75 
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0 1 2 3 4 5 6 
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Fig. 6. Transformation zones (a-e) when Aa = 5.33L, and the crack growth resistance curve (f) for to = 5, a = 1.25, .4 = 0.045 and 
M=- l to l .  
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shown. Note that in this case we use to' instead of 
to. We computed results for to' = 5 and to' = 20. 
To check the convergence of the solution, some 
computations with refined meshes have been per- 
formed. In this small-scale problem, mesh refine- 
ment can be obtained simply by increasing the 
characteristic length L with respect to the dimen- 
sions of the smallest element, while leaving all 
other parameters unchanged. In this way the 
transformation zone will contain more elements 
3 
(a )  - i  0 I 2 3 
L 0.25 
I i 1 I 
( t ) )  _,  0 , 2 3 
L 0.25 
I I I I 
(0 _, o , 2 
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(d )  -I 0 l 2 3 
-- f / j~  = 0.05 
I I i I 
e -1 0 I 2 3 
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1.8 ~ i  
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Fig. 7. Transformation zones (a-e) when Aa = 5.33L, and the crack growth resistance curve (f) for to = 10, a = 1.15, A = 0.056 and 
M=- l to l .  
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and more accurate results should be obtained, as 
long as the small scale condition is not violated. 
A typical crack growth computation up to a steady 
state situation required about 100 CPU hours on 
a SUN Sparc station 1. 
4.1. Transformation zones 
We visualize the size and the shape of the 
distribution of the transformed material sur- 
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Fig. 8. Transformation zones (a-e) when Aa = 5.33L, and the crack growth resistance curve (f) for ~o = 20, a = 1.15, A = 0.056 and 
M = -1  to 1. 
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constant ratio of t ransformed fraction to the max- 
imum available fracl:ion, f / fm.  Fully t ransformed 
mater ia l  is high-l ighted by plott ing the bound- 
aries of the e lements which contain fully trans- 
formed material .  The plots of the transformation 
zones are presented in Figs. 5-10.  
As already explained in Section 3, the transfor- 
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Fig. 9. Transformation zones (a-d) when Aa = 6L, and the crack growth resistance curve (e) for to' = 5 (purely shear transforma- 
tions), a = 1.15, and M = - 10 to 0.50. 
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As the crack tip is approached from the frontal 
side, in general the amount of transformed frac- 
tion increases gradually up to the point where the 
material is fully transformed f / fm = 1. The crack 
tip is usually surrounded by a fully transformed 
zone which itself is surrounded by a partially 
transformed zone, before the untransformed ma- 
terial is reached. Then, as the crack proceeds, the 
transformed material in the wake of the crack is 
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Fig. 10. Transformation zones (a-d) when na = 6L, and the crack growth resistance curve (e) for ~o'= 20 (purely shear 
transformations), a = 1.15, and M = - 10 to 0.50. 
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reverse transformation in this area. If the ten- 
dency to reverse transformation is very strong 
(M = 1) the material in the wake transforms back 
almost completely. 
For transformations with dilatation and shear 
strains (Figs. 6-8), it is found that the volume of 
transformed material is always decreasing if re- 
verse transformation occurs: reverse transforma- 
tion does not trigger forward transformation any- 
where else around the crack tip. In fact, the 
frontal zone hardly expands upon crack growth, 
which is usually the case if no reverse transforma- 
tion occurs. In the latter case, the size of the 
frontal zone expands until a certain steady state 
value is reached. I! may be said that for values of 
M larger than - 1, reverse transformation occurs 
and the size of the frontal zone decreases. The 
effect of reversible: transformation on the shape 
of the wake of the crack is, however, much more 
pronounced. When M___0, the transformation 
strains in the wake of the crack are diminished 
rapidly. Two interesting phenomena can be noted 
when the amount of transformation shear strain 
A is varied. Firstly, for M = 0 and for A = 0.0, 
the wake of the crack is characterized by a sharp 
tail and the material in the wake near to the 
crack surface is fully untransformed (see the plot 
b of Fig. 5). For larger values of A, the shape of 
the transformation zone in the wake is changed 
drastically. In such cases the material near the 
crack surface remains transformed and the area 
further out is fully untransformed (see the plots b 
of Figs. 6, 7 and 8). Secondly, for dilatant trans- 
formation behavior, A = 0, and M > 0, extensive 
reverse transformation i the wake of the crack 
occurs, and the shape of the transformation zone 
is very similar to the shape of the transformation 
zone before the occurrence of crack growth: the 
so-called initial zone, which is shown in plots c, d 
and e of Fig. 5. For larger values of A, however, 
the shape of the transformation zone in the wake 
hardly changes. Only the remaining transformed 
area in the wake, near the crack surface, narrows 
down for M approaching 1 as shown in plots c, d 
and e of Figs. 6, 7 and 8. 
For the more realistic values of the strength of 
the transformation, to= 10 and 20 shown in Figs. 
7 and 8, respectively, we notice two pronounced 
differences with the results for to = 5. Firstly, the 
fully transformed areas are much smaller and, 
secondly, reversible transformation does occur 
even for M = -1 .  Reversible transformation for 
M = - 1 occurs near the crack surface, where the 
unloading is most active. 
The transformation zones for SMA show that 
reverse transformation for M = - 1 always occurs 
as shown in plots b in Figs. 9 and 10. Therefore, 
computations for M = - 10 have been performed 
to obtain results for the cases in which no mate- 
rial transforms back. The corresponding transfor- 
mation zones are shown in plots a of the same 
figures and we see that the height of the transfor- 
mation zone reaches a maximum before crack 
growth occurs. As soon as the crack starts grow- 
ing, we see for to' = 5 that the height of the zone 
gradually decreases, while for to' = 20 the height 
is decreased more abruptly. For M>-  1 it is 
observed that the initial zone (before crack 
growth) is rather stable and does not transform 
back easily. It is the transformation zone that 
develops upon crack extension which decreases 
considerably due to reverse transformation, as 
can be seen clearly in plots b and c of Figs. 9 and 
10. For M = 0.5 the computations yield an irregu- 
lar transformation zone. The stability of the com- 
putations becomes a problem: smaller load steps 
and an increased number of steps to release a 
node had to be taken. Computations for M > 0.75 
failed; the numerical formulation appeared to be 
not accurate nough to deal with the fact that the 
forward (11) and backward (12) transformation 
surfaces are very close to each other. 
4.2. Crack growth resistance 
Prior to any crack growth it is reasonable to 
assume that no unloading occurs anywhere in the 
material. This was already stated by Budiansky et 
al. (1983). Therefore the starting value of the 
toughness has to be equal to the starting value for 
materials that do not show reverse transforma- 
tion. For A = 0 (only dilatant ransformation) the 
initial toughening due to the transformation strain 
is zero, but for A > 0 the initial transformation 
zone reduces the initial toughness: the transfor- 
mation strains elevate the stress intensity near 
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the crack tip. Reverse transformation will only 
occur in the wake of the crack when the crack 
grows, and the material in the wake unloads. 
The results for the parameter variations are 
given in the plots f of Figs. 5 to 8 and plots c of 
Figs. 9 and 10. From these plots wc can see that 
the initial toughness is not affected by the value 
of M, as was to be expected. However, upon 
crack growth the amount of reversible toughness 
greatly influences the toughness development. 
The contribution of the transformation zone to 
the stress intensity at the crack tip may vary in 
between two extremes, namely 
(i) the lower extreme of a vanishing contribution 
when all material in the wake transforms 
back, 
(ii) when no material transforms back, the upper 
extreme for a certain parameter combination. 
In that case the toughness increase upon crack 
advance is found to be most pronounced. 
In the latter case of irreversible transformations, 
the toughness tends to increase until a certain 
maximum value is reached, after which it de- 
creases somewhat before settling on a steady 
state value. This is an effect that has first been 
observed by Stump and Budiansky (1989) for su- 
percritical dilatant transformation behavior, and 
then by Horn and McMeeking (1990) also for 
subcritical transformations. Stam et al. (1994) 
have demonstrated this feature also for shear 
transformable materials, although for realistic 
material parameters the effects was not very pro- 
found. 
In general we can conclude from Figs. 5-10 
that if reverse transformation occurs immediately 
upon unloading (M= 1), the toughening effect 
reduces dramatically, which is most pronounced 
for dilatant transformations (A =0),  then no 
toughness increase is obtained at all. For M = 1, 
toughening is observed when A > 0, but only for 
crack extensions Aa up to about 0.4L and the 
maximum toughness increase is about 30% of the 
steady state toughness increase found in the ab- 
sence of reverse transformation (M -~ - co). After 
this peak value, the effect reduces rather rapidly 
to a value close to zero. Obviously, this peak 
behavior is of a different origin than that men- 
tioned above for irreversible transformations. For 
the cases M=I  and A>0 it was found that 
more steps were needed to release nodes for the 
simulation of crack growth in order to maintain 
stability of the numerical calculation. Especially 
for to =5,  it must be noted that for the case 
A = 0.045 the number of unloading steps for the 
nodal release technique had to be increased 10 
times to obtain reliable results. The same prob- 
lem occurred for M--0.75. For M _< 0.5 no such 
problems have been encountered. 
The effect of M on the toughness develop- 
ment for A = 0 is quite different from the effect 
for A > 0. For A = 0 in Fig. 5, no peak toughness 
is reached for the higher values of M, but the 
crack growth resistance increases monotonically 
to the steady state value. This steady state value 
steadily increases as the amount of reverse trans- 
formation decreases, i.e. M decreases. For A > 0 
the toughness development for decreasing values 
of M is a transition of the curve for M = 1, with a 
maximum toughening effect after a crack exten- 
sion Aa = 0.4L, to the curve for M = - ~¢, where 
the maximum in toughness is reached much later 
and the drop in toughening after this maximum is 
far less severe. Note that for increasing values of 
to, reverse transformation does occur for M = - 1 
and the toughening increase is reduced (see, e.g. 
Fig. 8). The maximum value of the toughness is 
found after a crack extension Aa of only L to 2L, 
as shown in plots f of Figs. 9 and 10, for M = - 10. 
When the value of M is increased we see that, 
similar to the previous results, the toughness in- 
crease upon crack growth decreases, but the de- 
crease seems to be less severe. 
Finally in Fig. 11 we show the spatial distribu- 
tion of the toughness contribution due to the 
transformation strains (24) in terms of the value 
~p of dK "riP (fl, r, E,~) normalized by KC/L  2. 
Results are presented for each of the three types 
of transformation behavior defined in (21a)-(21c), 
after some crack growth, when a certain transfor- 
mation zone has developed (M = -10  has been 
used to suppress reversal of the transformation). 
Budiansky et al. (1983) already showed that for 
dilatant transforming materials, the area ahead of 
the crack for /3 < ~'/3 (see Fig. 2) contributes 
negatively to the toughness increase while trans- 
formed material behind this line, in the wake of 
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Fig. 11. The non-dimen:~ional contribution to the toughness 
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the crack, increases the toughness. The change in 
sign at /3 = zr/3 can be seen clearly in plot a of 
Fig. 11. We can see that the value of (24) in the 
region near the crack tip (r < L/5 approximately) 
is very pronounced. For materials with both shear 
and dilatation strairts, we see a similar result: the 
area ahead of the ciack tip (/3 < ~'/3) contributes 
negatively, while the: transformation strains in the 
wake of the crack cause the toughening effect. 
However, for the transformation behavior with 
purely transformation shear strains, as shown in 
plot c, the results are different. Here we see that 
both the transformation strain in the wake close 
to the crack surface and the transformation strains 
ahead of the crack tip give a negative contribu- 
tion. Close to the tip, the line at rr /3 still repre- 
sents the border between positive and negative 
contributions, but the border approaches /3 = 
zr/2.5 for larger r. 
5.  Conc lus ions  
This study clearly shows that transformation 
toughening during crack growth does depend 
strongly on the amount of reverse transformation. 
In all cases considered, the toughness increase 
upon crack growth is reduced if reverse transfor- 
mation takes place in the wake of the growing 
crack. The decrease is most dramatic for so-called 
super- or pseudo-elastic materials (M = 1), where 
reverse transformation immediately follows upon 
unloading. It may be concluded from the parame- 
ter study, that this class of materials exhibits 
some initial toughening, but after a small amount 
of crack growth almost no toughness increase is 
left. 
For ceramics containing zirconia there seems 
to be no direct experimental evidence for reverse 
transformation at room temperature in simple 
tensile tests. Even though there is some experi- 
mental evidence for reverse transformations tak- 
ing place under compression at room tempera- 
ture (Subhash and Nemat-Nasser, 1993), the 
amount of reversal upon unloading is rather lim- 
ited. Hence, these materials eem to be charac- 
terized by M < 0, for which our results show that 
the reduction in toughness increase is not so 
dramatic. However, further experimental work is 
necessary to establish the actual value of M as 
the influence of this parameter on the crack 
growth resistance is substantial. Although the 
toughness increase is always reduced when the 
transformation is reversible, it is reassuring that 
even for pseudoelastic materials (M = 1) not all 
toughness increase upon crack growth is lost. 
For dilatant supercritically transforming mate- 
rials, where the transformation occurs instanta- 
neously and completely (as analyzed by Budian- 
sky et al. (1983); see also Section 2.2), the effect 
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of reverse transformation on the toughening has 
been estimated by Evans and Cannon (1986). 
They found that, when forward transformation 
occurs at some critical mean stress zc  and re- 
verse transformation occurs at another critical 
mean stress 2 'R > 0, the toughening increase is 
3EePah l /2 (1  _ R c .~m/,~m) 
AK "rip = -0 .21  , (29) 
(1 -v )  
where h is the half-height of the transformation 
zone. Consequently when the transformation re- 
verses to give zero final stress (ZR =0) ,  the 
toughening value is identical to the estimated 
value for the supercritical, unreversed case given 
by McMeeking and Evans (1982), and is zero 
_ c when Zm R - Zm" In our terminology the latter case 
would refer to M = 1, and the zero result for the 
increase in toughness agrees with the subcritical 
results presented here for A = 0, The other ex- 
treme, when the transformation- induced dilata- 
tion is zero, has been considered by Sun and Xu 
(1993) for SMA materials in the pseudoelastic 
range. However, the practical value of their anal- 
ysis may be questioned, as we found that the 
shape of the transformation zone is heavily af- 
fected by the transformation strains itself; this 
effect has not been accounted for in their analy- 
sis. 
For SMA the toughening effect due to phase 
transformations has been found to be substan- 
tially higher than for ceramics, for the same val- 
ues of the respective strength parameters to' and 
w. Care should be exercised, however, in relating 
the present results to real SMAs, since the pre- 
sent constitutive model may account only par- 
tially for all mechanisms involved. For instance, 
the present model does not account for disloca- 
tion plasticity that may accompany fracture in 
some real SMA materials, nor for ductile failure 
mechanisms involving void growth and coales- 
cence. On the other hand, some experimental 
evidence for toughening caused by the marten- 
sitic transformation i brittle SMA has been re- 
ported by McNichols et al. (1981) and by Murthy 
and Goo (1992). Yet for quantitative conclusions, 
better estimates of the material parameters are 
needed. 
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